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Approximations to two real numbers
by Igor D. Kan and Niky G. Moshhevitin
1
Abstrat. Probably we have observed a new simple phenomena dealing with approximations to two
real numbers.
1. The result.
For a real ξ denote the irrationality measure funtion
ψξ(t) = min
16x6t
||xξ||.
Here we suppose x to be an integer number and || · || stands for the distane to the nearest integer.
The main result of this note is the following
Theorem 1. For any two dierent irrational numbers α, β suh that α ± β 6∈ Z the dierene
funtion
ψα(t)− ψβ(t)
hanges its sign innitely many times as t→ +∞.
The phenomenon observed in Theorem 1 annot be generalized to any dimension greater than
one. In [2℄ the following two statements were proven.
Theorem 2. (A. Khinthine, 1926) Let funtion ψ(t) dereses to zero as t → +∞. Then there
exist two algebraially independent real numbers α1, α2 suh that for all t large enough one has
ψ(α1,α2)(t) := min
16max(|x1|,|x2|)6t
||x1α
1 + x2α
2|| 6 ψ(t).
Theorem 3. (A. Khinthine, 1926) Let ψ1(t) dereases to zero as t → +∞ and the funtion
t 7→ tψ1(t) inreases to innity as t → +∞. Then there exist two algebraially independent real
numbers α1, α2 suh that for all t large enough one has
ψ0
@ α1
α2
1
A
(t) := min
16x6t
max
j=1,2
||xαj|| 6 ψ1(t).
Of ourse in Theorems 2,3 we suppose x1, x2, x to be integers.
Take ψ(t) = o(t−2), t → +∞. Take (β1, β2) to be numbers algebraially independent of α1, α2
suh that they are badly approximable (in the sense of a linear form):
inf
(x1,x2)∈Z2\{(0,0)}
(
||x1β
1 + x2β
2|| ·max(|x1|, |x2|)
2
)
> 0.
We see that for all t large enough one has
ψ(α1,α2)(t) < ψ(β1,β2)(t).
1
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The similar situation holds in the ase of simultaneous approximations. Take ψ1(t) = o(t
−1/2), t→
+∞. Take
(
β1
β2
)
to be numbers algebraially independent of α1, α2 suh that they are badly si-
multaneously approximable:
inf
x∈Z\{0}
(
max
j=1,2
||xβj|| · |x|
1/2
)
> 0.
We see that
ψ0
@ α1
α2
1
A
(t) < ψ0
@ β1
β2
1
A
(t)
for all t large enough. (Of ourse here ψ(β1,β2), ψ
0
@ β1
β2
1
A
are dened analogously to ψ(α1,α2), ψ
0
@ α1
α2
1
A
.)
1. Proof of Theorem 1.
We an assume that 0 < α, β < 1. We onsider ontinued fration expansions
α = [0; a1a2, , ..., an, ...], β = [0; b1, b2, ..., bn, ...].
Dene
αn = [an; an+1, an+2, ...], α
∗
n = [0; an, an−1, ..., a1],
βn = [bn; bn+1, bn+2, ...], β
∗
n = [0; bn, bn−1, ..., b1],
rn
qn
= [0; a1, ..., an],
sn
pn
= [0; b1, ..., bn].
Lemma 1. For n > 2 one has
||qn−1α||qn+1 =
αn+1(an+1 + α
∗
n)
αn+1 + α∗n
.
Proof.
It is a well known fat (see [1℄, Ch.1) that
∣∣∣∣α− rn−1qn−1
∣∣∣∣ = 1q2n−1(αn + α∗n−1) , (1)
and
α∗n =
qn−1
qn
.
Instead of (1) we an write
||qn−1α|| =
1
qn−1αn + qn−2
. (2)
So we see that
||qn−1α||qn+1 = ||qn−1α||qn−1
qn
qn−1
qn+1
qn
=
1
(αn + α
∗
n−1)α
∗
nα
∗
n+1
.
But as
αn = an +
1
αn+1
, an + α
∗
n−1 =
1
α∗n
2
we see that
αn + α
∗
n−1 =
1
α∗n
+
1
αn+1
.
So
||qn−1α||qn+1 =
1
α∗nα
∗
n+1
(
1
α∗n
+
1
αn+1
) = αn+1
α∗n+1(α
∗
n + αn+1)
=
αn+1(an+1 + α
∗
n)
αn+1 + α∗n
.
Lemma is proved.
As an+1 > 1 and αn+1 > 1 we obtain the following
Corollary. For n > 2 one has
||qn−1α||qn+1 > 1. (3)
Lemma 2. Suppose that m,n > 2 and
qn+1 6 pm+1. (4)
Then
||qn−1α|| > ||pmβ||. (5)
Proof.
Suppose that (5) is not true. Then from (4) and (3) we see that
1 < ||qn−1α||qn+1 6 ||pmβ||pm+1.
As (see [1℄, Ch.1)
||pmβ||pm+1 =
1
1 +
β∗m+1
βm+2
< 1
we have a ontradition. Lemma 2 is proved.
Now we are able to prove theorem 1.
Consider the sequenes
q0 6 q1 < ... < qn < qn+1 < ..., p0 6 p1 < ..., < pm < pm+1 < ...
of onvergents' denominators to α, β orrespondingly. Suppose that the statement of theorem 1 is
false for ertain irrationalities α, β. Without loss of generality assume that for all t > pm0 > qn0−1
one has
ψβ(t) > ψα(t). (6)
From Lemma 2 and the asumption (6) we see that between two onseutive denominators pm, pm+1, m >
m0 not more than one denominator of the form qn may our. Here we give a proof of this fat. Let
qn−1 6 pm < qn < qn+1 < ... < qn+t 6 pm+1 and t > 1. Then
||pmβ|| = ψβ(pm) > ψα(pm) = ψα(qn−1) = ||qn−1α||
and
qn+1 6 qn+t < pn+1.
This ontradits to Lemma 2.
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So we an dene the sequene of integers
m0 > 1, mj > mj−1 + 1
suh that
pm0 < qn0 6 pm0+1 < ... < pm1 < qn0+1 6 pm1+1 < ... < pm2 < qn0+1 6 pm2+1 < ...
< pmj−1 < qn0+j−1 6 pmj−1+1 < ... < pmj < qn0+j 6 pmj+1 < ... < pmj+1 < qn0+j+1 6 pmj+1+1 < ....
By (6) we see that for all j > 0 one has
||qn0+j−1α|| = ψα(qn0+j−1) = ψα(pmj ) 6 ψβ(pmj ) = ||pmjβ||. (7)
From (6) we also have
||qn0+jα|| = ψα(qn0+j) = ψα(pmj+1) 6 ψβ(pmj+1) = ||pmj+1β||. (8)
We distinguish two ases. In the rst ase we suppose that for innitely many j at least one of
the inequalities in (7,8) is strit, that is there is the sign < insead of 6. In the seond ase for all
j large enough we have equalities in both (7,8).
Consider the rst ase. Without loss of generality we assume that
||qn0+j−1α|| = ψα(qn0+j−1) = ψα(pmj ) < ψβ(pmj ) = ||pmjβ||. (9)
From (2) we have
||qn0+j−1α|| =
1
qn0+j−1αn0+j + qn0+j−2
, ||pmjβ|| =
1
pmjβmj+1 + pmj−1
.
So
pmjβmj+1 + pmj−1 < qn0+j−1αn0+j + qn0+j−2 (10)
As
βmj+1 = bmj+1 +
1
βmj+2
, αn0+1 = an0+j +
1
αn0+j+1
from (10) we dedue that
pmj
(
bmj+1 +
1
βmj+2
)
< qn0+j−1
(
an0+j +
1
αn0+j+1
)
+ qn0+j−2
or
pmj+1 +
pmj
βmj+2
< qn0+j +
qn0+j−1
αn0+j+1
.
But
pmj+1 > qn0+j, pmj > qn0+j−1.
So
βmj+2 > αn0+j−1. (11)
From the other hand from (8) we dedue that
1
qn0+jαn0+j+1 + qn0+j−1
= ||qn0+jα|| = ψα(qn0+j) = ψα(pmj+1) 6
4
6 ψβ(pmj+1) = ||pmj+1β|| =
1
pmj+1βmj+2 + pmj
.
So
pmj+1βmj+2 + pmj 6 qn0+jαn0+j+1 + qn0+j−1.
As
qn0+j−1 6 pmj , qn0+j 6 pmj+1
we see that
βmj+2 6 αn0+j+1.
This ontradits (11).
In the seond ase we see that for j large enough one has
ψβ(pmj+1) = ψα(qn0+j) = ψβ(pmj+1).
Hene
mj + 1 = mj+1.
But in the ase under onsideration we see that there exist m0, n0 suh that
pm0+jβ − qn0+jα = ±rn0+j ± sm0+j,
pm0+j+1β − qn0+j+1α = ∓rn0+j+1 ∓ sm0+j+1,
where the hoise of the signs ± depends on the lenghts of the orresponding ontinued fratons.
Remind that α, β are irrational numbers. So
pm0+jqn0+j+1 − pm0+j+1qn0+j = 0
and
pm0+j
pm0+j+1
= [0; bm0+j+1, bm0+j, ..., b1] =
qn0+j
qn0+j+1
= [0; am0+j+1, am0+j , ..., a1], j = 1, 2, 3, ...
and so α = ±β.
The proof of Theorem 1 is omplete.
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